Abstract. A hyperbolic lattice is called 2-re ective if its automorphism group contains a nite index subgroup generated by 2-re ections. We nd all 2-re ective hyperbolic lattices of rank 4. (For all other ranks this was done by V. V. Nikulin.) In this work we classify 2-re ective hyperbolic lattices of rank 4 (see the de nitions below). The classi cation was done by the author in 1981 and mentioned in N3] but the proof was not published up to the present. A classi cation of 2-re ective hyperbolic lattices is the key step in the classi cation of algebraic K3-surfaces whose automorphism
One can think of L as of a lattice in the (pseudo)Euclidean vector space V = L R.
The automorphism group O(L) of L is a lattice in the (pseudo)orthogonal group O(V ).
In the hyperbolic case, one of two connected components of the hyperboloid (x; x) = ?1 (1) can be considered as a model of n-dimensional Lobachevsky space L n in such a way that the group of motions of L n is the subgroup O 0 (V ) of index 2 in O(V ) consisting of transformations leaving invariant each connected component of the hyperboloid (1). The
Lobachevsky planes in this model are non-empty intersections of L n with subspaces of V . The points at in nity of L n correspond to isotropic one-dimensional subspaces of V . The
is a discrete group of motions of L n with a nite covolume.
A primitive vector e of a quadratic lattice L is called a root or, more exactly, a k-root, if (e; e) = k > 0 and 2(e; x) 2 kZ 8x 2 L: (2) c 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page 1
Any root e gives rise to an orthogonal re ection R e : x 7 ! x ? 2(e; x) (e; e) e; which leaves L invariant, i.e. belongs to O(L). In the hyperbolic case, R e de nes a re ection in the the hyperplane H e = fx 2 L n : (e; x) = 0g of the space L n . The re ection de ned by a k-root, is called a k-re ection. Obviously, a root is de ned by the corresponding re ection up to sign.
We are especially interested in 2-re ections. Note that any vector e 2 L with (e; e) = 2 automatically satis es (2), i.e. is a root.
Denote by O r (L) (resp. by O It follows that an odd hyperbolic lattice L is 2-re ective if and only if L even is 2-re ective.
This allows us to cosider only even lattices.
Let L be a hyperbolic lattice. Then the groups O r (L) and O (2) r (L) are discrete re ection groups in L n . Denote by P and P (2) their fundamental polyhedra (in general in nite).
The lattice L is re ective (resp. 2-re ective) if and only if vol P < 1 (resp. vol P
< 1) or, equivalently, if P (resp. P (2) ) is nite V2]. There is an algorithm allowing for any concrete L to nd recursively all the faces of P or P (2) and to determine if there are only nitely many of them V2], V4], B].
V. V. Nikulin N1] , N2] classi ed all 2-re ective hyperbolic lattices of rank 6 = 4. R. Scharlau SW] published a tentative list of all re ective isotropic hyperbolic lattices L of rank 4 with a maximal group O r (L), but no proof has appeared as yet.
In order to formulate the result, let us introduce some notation. C] { the quadratic lattice, the scalar product in which is given by a (symmetric) matrix C in some basis, U = 0 1 1 0 { the standard 2-dimensional hyperbolic lattice,
A n { the (Euclidean) root lattice of type A n , 2) Any anisotropic 2-re ective even hyperbolic lattice of rank 4 is isomorphic to one of the following 2 lattices: All the listed lattices are really 2-re ective and non-isomorphic to one another. For more information about them see the body of the paper. We only note here that the latter two lattices are the even sublattices of index 2 in the 2-re ective odd lattices has either a 3-face, or a 4-face with 6 3 non-simple vertices, or else a 5-face with 6 1 non-simple vertex.
(Here "k-face" means a face with k sides.) We apply this to the fundamental polyhedron P (2) of the group O (2) r (L) for a 2-re ective hyperbolic lattice L of rank 4.
Let a face F of P (2) be of one of the types listed in Proposition. Let F 1 ; : : : ; F k (k = 3; 4; 5) be the adjacent faces. Denote by u 1 ; : : : ; u k ; u the 2-roots corresponding to F 1 ; : : : ; F k ; F, respectively. We shall see that there are only few possibilitiess for the Gram matrix G = G(u 1 ; : : : ; u k ; u) of the vectors u 1 ; : : : ; u k ; u and, thereby, for the lattice L 0 generated by them.
Obviously, L 0 has nite index in L, so L is between L 0 and the dual lattice (L 0 ) . We
where d(L) is the discriminant of L. So, for a given L 0 there are only nitely many (in fact, few) possibilities for L.
In such a way we shall obtain a nite (in fact, relatively short) list of lattices that may be 2-re ective. 
Any even unimodular quadratic Z 2 -module is isomorphic to U U K; where K = U or A 2 and, hence, is uniquely de ned by its rank (which is always even) and sign.
Any odd unimodular quadratic Z 2 -module L decomposes into a direct sum of an even quadratic Z 2 -module and one or two (depending on the parity of rk L) quadratic Z 2 -modules of rank 1. It is uniquely de ned by its rank, sign and oddity. ; : : : ; L (l) in the decomposition (6). The oddity of a compartment is the sum of the oddities of all its elements. The symbol of L with respect to the decomposition (6) is obtained from the pre-symbol by putting in parentheses the factors corresponding to each compartment and replacing their subscripts by one subscript related to the whole compartment and equalling its oddity. (In practice we do not put in parentheses compartments consisting of a single element.) For instance, in the above example the symbol is 1 In conclusion note the following useful isomorphism:
3. Triangular faces with 3 non-simple vertices Let F be a 3-face of P (2) , all whose vertices are non-simple, and u 1 ; u 2 ; u 3 ; u be de ned as in x2. Then u 1 ; u 2 ; u 3 are orthogonal to u, and the Gram matrix G = G(u 1 ; u 2 ; u 3 ; u)
has We shall continue this list in the subsequent sections. Let us agree to denote the lattice No. k from the list by L(k).
Triangular faces with 2 non-simple vertices
Let F be a 3-face of P (2) with 2 non-simple vertices. Then u 1 ; u 2 ; u 3 are still orthogonal to u, and the matrix G has one of the following forms: In the rst case, replasing u 1 by u 1 + 2u 2 + 2u 3 + u 4 , we obtain:
with invariant factors 1, 1, 4, 4.
In the second case L 0 has invariant factors 1, In the both preceding cases L 0 admits only one even extension of index 2. It is generated by 1 2 (u 1 + u 2 ) and is isomorphic to L(3). In the two remaining cases L 0 itself is isomorphic to L(3). In each of these cases de nes a Coxeter polyhedron of nite volume, which must coincide with P (2) V4]. Hence the lattice L 0 and any its extension are 2-re ective. It is easy to see that the lattices de ned by the matrices G 1 ; G 2 ; G 3 , are isomorphic to k]U A 2 ; k = 3; 2; 1, respectively. All the even extensions of the rst two of them are isomorphic to the third one, while the latter does not admit any extensions.
Thus, we add three new lattices to our list (but we already know that they are 2-re ective):
No. Since rk G = 4, we have det G = 2(x + 2)(y + 2) (x ? 2)(y ? 2) ? 4(" + 2)] = 0, whence we obtain the following possibilities for "; x; y (up to permutation of x and y): " 1 1 1 0 0 x 3 4 5 3 4 y 14 8 6 10 6
It is easy to see that in all the cases but the last one L 0 ' L(3); in the last case L 0 ' L(2). Thus, we obtain nothing new.
Quadrilateral faces with 2 opposite non-simple vertices
Let F be a 4-face of P (2) with 2 opposite non-simple vertices. Then u 1 ; u 2 ; u 3 ; u 4 are still orthogonal to u, and the matrix G has the following form: In the third and fourth cases L 0 ' L(3).
In all the other cases u 2 + u 4 = k(u 1 + u 3 ) (k = 1; 2; 3), so u 1 ; u 2 ; u 3 ; u constitute a basis of L 0 .
In There is only one extension of index 2 of L 0 . It is generated by 1 2 (u 1 +u 2 ) and is isomorphic to L(6). We may assume that x and y do not equal 2 simultaneously, because otherwise F 1 ; F 2 ; F 3 , F 4 have a common vertex at in nity and P (2) has triangular faces. We also may assume that x > y.
If F is a 4-face and " 12 = " 23 = " 34 = z = 0, then again F 1 ; F 2 ; F 3 ; F 4 have a common vertex at in nity A], and P (2) is a quadrilateral pyramid. We do not need to consider this case, so we may assume that z > 1. (This automatically holds, if F is a 5-face.)
If F is a 5-face, we can dispose of the choice of the omitted adjacent face in such a way that z take the minimal possible value. Then, in particular, z 6 x; y. (This automatically holds, if F is a 4-face.)
As a result, we obtain the following restrictions for x; y; z:
x > y > z; x > 3; y > 2; z > 1:
In addition, since F 2 ; F 4 and F have no common vertex at in nity, y = 2 implies " 2 + " 4 > 0:
Moreover, if y = 2 and " 23 = " 34 = 0, then F 2 ; F 4 and F 3 have a common vertex at in nity, which implies that the face F 3 is triangular. Therefore, we may assume that y = 2 implies " 23 + " 34 > 0;
Let us now turn to the condition det G = 0. We have ?x((4 ? " 2 4 )" 12 " 23 + 2" 1 " 2 " 23 + 2" 2 " 3 " 12 + 2" 1 " 4 " 34 + " 2 " 4 " 12 " 34 + 4" 1 " 3 )?
?y((4 ? " 2 1 )" 23 " 34 + 2" 3 " 4 " 23 + 2" 2 " 3 " 34 + 2" 1 " 4 " 12 + " 1 " 3 " 12 " 34 + 4" 2 " 4 )?
?z((4 ? " 2 23 )" 1 " 4 + 2" 12 " 23 " 34 + 2" 1 " 3 " 34 + 2" 2 " 4 " 12 + +" 3 " 4 " 12 " 23 + " 2 " 3 " 12 " 34 + " 1 " 2 " 23 Giving di erent values to y, one can get from this upper bounds for x. Taking into account our preceding consideration for y = 2, we obtain the following table: y 2 3 4 5 6 7 8
x 6 34 19 12 10 9 9 8 For y > 9 there are no admissible values of x.
This leaves less than 40000 possibilities for G. The determinants of all these matrices were calculated by A. V. Alekseevsky with help of a computer. As a result all matrices G satisfying (8){(14) with det G = 0 were found. Some of them di er only by the enumeration of the faces F 1 ; F 2 ; F 3 ; F 4 . Taking this into account, 75 essentially di erent matrices were obtained. They are listed below. In all the cases when the corresponding lattice L 0 is not isomorphic to one of the lattices already found, we provide it with a number and indicate a simple form of it, the invariant factors, and symbols. Each of the lattices L(17); L(25); L(33) admits one extension of index 3, which is isomorphic to L(9); L(9); L(5), respectively. The lattice L(32) admits 4 extensions of index 3, which are isomorphic to L(8).
Each of the lattices L(31); L(35) admits one extension of index 5, which is isomorphic to L(9); L(3), respectively.
Thus, there are no new lattices among these extensions, so all 2-re ective lattices of signature (3, 1) are among the lattices L(1){L(35).
11. Non-2-reflectivity of some isotropic lattices
In order to prove that some of the lattices L(1){L (35) is isotropic, and (2) r (L) are exactly the same as those for , which means that is mapped isomorphically onto O r (L)=O It follows that the lattice L is 2-re ective if and only if it is re ective and the group is nite.
To nd P is usually easier than to nd P (2) , and to determine if the group is nite does not represent any problem due to the well-known classi cation of nite Coxeter groups.
Let us investigate the remaining lattices L(1){L(5), L(13), L(24){L(27), L(30), L(32) by this method. In all the cases the lattice L will turn to be re ective. In order to nd P, we shall use the algorithm described in V2], V4].
The following remark is useful for calculations: a lattice L may contain k-roots only if k divides the doubled last invariant factor of L V5, Proposition 24] .
Consider the lattice L(1). In some co-ordinates u; v; x 1 ; x 2 the scalar square in it is given by the quadratic form de ne a tetrahedron with one vertex at in nity. We can conclude that the lattice is re ective, and P coincides with the above tetrahedron. The group generated by the re ections in the walls of P which are not 2-re ections (the corresponding vertices of the Coxeter diagram are depicted by black circles) is a nite
Coxeter group of type B 3 . Hence, the lattice L(1) is 2-re ective. Since the lattices L(2) and L(3) contain L(1), they are also 2-re ective.
In an analogous way, the scalar product in L (4) de nes a tetrahedron with 2 vertices at in nity, so the lattice is re ective, and P coincides with this tetrahedron. The group is a nite Coxeter group of type A 2 . Hence, the lattice L(25) is 2-re ective.
The lattice L(26) is the sublattice de ned by the equation (16) de nes a tetrahedron, so the lattice is re ective, and P coincides with this tetrahedron. The group is a nite Coxeter group of type A 2 . Hence, the lattice L(24) is 2-re ective.
In an analogous way, L(27) =L (27) The scalar square inL (27) de nes a triangular prism, so the lattice is re ective, and P coincides with this prism. The group is a nite Coxeter group of type G 2 + A 1 . Hence, the lattice L(27) is 2-re ective.
